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Transient topological objects in high energy collisions.
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I study the topology of quantum fluctuations which take
place at the earliest stage of high-energy processes. A new
exact solution of Yang-Mills equations with fractional topo-
logical charge and carrying a single color is found.
11.15.Kc, 11.27.+d ,12.38.Aw, 12.38.Mh
1. The problem of initial data for ultra-relativistic
heavy ion collisions has been a sore subject for more than
a decade. The roots of the problem penetrate deeply into
the least explored areas of QCD like the nature of the
QCD vacuum and hadronic structure. The parton pic-
ture of a nucleus completely disregards the properties of
the vacuum and only partially respects the hadron struc-
ture by replacing the true bounded QCD state with an
artificial flux of free quarks and gluons. For heavy ion
collisions, the evolution of parton distributions is very
different from the evolution in the simplest processes like
ep-DIS or high-energy pp-collisions. In a series of pa-
pers [1–3] we have studied the causal character of the
QCD evolution and found that high-energy processes ex-
plore all possible quantum fluctuations that may develop
before the collision and are consistent with a given in-
clusive probe. All these fields propagate forward in time
and collapse at the vertex of interaction with the probe.
These fluctuations are the snapshots of nuclei frozen by
the measurement, and they cannot be arbitrary since
the emerging final-state configurations must be consis-
tent with all interactions that are effective on the time-
scale of the emission process. In other words, we have
proved that the QGP as the final state can be created
only in a single quantum transition, as an ensemble of
collective modes of expanding matter. The scale of the
entire evolution process appeared to be set by the phys-
ical properties of the final state.
Besides a fair treatment of the final state-interactions,
the theory has to rely on a realistic picture of the ini-
tial state. It must allow one to treat nuclei as Lorentz-
contracted finite-size objects. It has to account for those
interactions that keep nuclei intact before the collisions
and are responsible for the coherence of the nuclei wave
function. It is commonly accepted that the effective in-
teractions responsible for the existence of hadrons are
due to topological fluctuations in the QCD vacuum, i.e.,
instantons. These exist only in Euclidean space, and only
spherically symmetric field configurations are used in the
theory that describe stable hadrons. They cannot be di-
rectly transferred to Minkowsky space.
The solutions of the QCD field equations with non-
trivial topology, by their design, rely heavily on the
identification the directions in physical (geometric) space
with the directions of the internal (tangent) color space
so that the local rotations of the geometric coordinates
can be compensated by the gauge transformation in
color space. It is impossible to match the SU(2) ×
SU(2) ≈ O(4) local color group with the Lorentz group,
SL(2, C) ≈ O(1, 3), since the first one is a compact Lie
group, the second is not. Which of them should be given
priority, and what properties have to be sacrificed in or-
der to identify the angular coordinates of internal color
and external physical spaces? An empirical answer to
this question is already known. One must use the Eu-
clidean metric and construct the self-dual solutions of the
Yang-Mills equations (instantons). Acting in this way, we
indeed achieve remarkable successes in the description of
many properties of stable hadrons [4]. These successes
are not by chance and should be considered as impor-
tant physical inputs. However, this theory is incapable
of describing moving hadrons. Motion is possible only
in the Minkowsky world (where no self-dual fields exist).
Therefore, we may ask if this commonly used prescrip-
tion is sufficiently motivated physically? It is perfectly
clear that would such a motivation exist, it can be only
due to the nature of the measurement process: as viewed
from Minkowsky world of moving stable hadrons, the Eu-
clidean calculations provide an effective theory in the rest
frame of a hadron. If a precise resolution of the color field
coordinate takes place, then (since the moment of the
measurement) the Euclidean picture is no longer valid .
2. In this note, I show that the solutions of the Yang-
Mills equations, which interpolate between the Euclidean
and Minkowsky worlds, do exist. Such an interpola-
tion becomes possible because two regimes are separated
by the light-cone of the point-like interaction. In the
Euclidean domain (before the interaction) the transient
topological object has finite action and a fractional wind-
ing number. The fields of this object evolve in Euclidean
proper time τ , and after collapse at the time τ = 0, they
can be continued as the waves propagating in Minkowsky
space. 1 Constructing the Euclidean part of the solu-
1 According to English orthography, the suffix -on in the
name of this object (would it deserves a name) seems un-
avoidable. I would suggest ephemeron (rater than transiton)
in order not to create an image of a particle and emphasize
an ephemeral nature of this field configuration.
1
tion, I map the [SU(2)× SU(2)]color on [O(4)]space and
require that the spin connections of the metric and the
gauge field potential (both taken in the same group rep-
resentation) must be identical. Acting in this way, I give
priority to the geometry of the gauge group. Moreover, I
insist that, before the interaction has resolved the color
field on a sufficiently short scale, the space-time metric is
defined by the internal Euclidean geometry of the gauge
group.
The only tool which is capable of coping with this view
of the relationship between the internal color dynamics
and the geometry is the so-called tetrad formalism (see,
e.g., [5,6]). Indeed, the vector and spinor fields are es-
sentially defined in the tangent space. In a tetrad basis,
components of any tensor (e.g Aα(x), γα) become scalars
with respect to a general coordinate transformations and
behave like Lorentz tensors under the local Lorentz group
transformations. The usual tensors are then given by the
tetrad decomposition, Aµ(x) = eµα(x)A
α(x), γµ(x) =
eµα(x)γ
α, etc. The covariant derivative of the tetrad vec-
tor includes two connections (gauge fields). One of them,
Γλµν(x), is the gauge field which provides covariance with
respect to the general transformation of coordinates. The
second gauge field, the spin connection ω αβµ (x), provides
covariance with respect to the local Lorentz rotation.
Let xµ = (τ, r, φ, η) be the contravariant components
of the curvilinear coordinates that cover the past of the
hyperplane t = 0, z = 0 of the interaction,
x0 = −τ cosh η , x3 = −τ sinh η ,
x1 = r cosφ , x2 = r sinφ , (1)
where xα = (t, x, y, z) ≡ (x0, x1, x2, x3) are those of
the flat Minkowsky space. [In order to cover the full
Minkowsky space, we have to build a chart with simi-
lar parameterization in each of four domains separated
by the hypersurfaces, τ2 = t2 − z2 = 0. The domains
τ2 > 0 can be split further into two parts by the light
cone τ2 = r2.] For the coordinates (1), the four tetrad
vectors eαµ form a matrix
eαµ = diag(1, 1, r, τ) . (2)
These vectors correctly reproduce the curvilinear metric
gµν and the flat Minkowsky metric gαβ , i.e.,
gµν = gαβe
α
µe
β
ν = diag[−1, 1, r2, τ2] ,
gαβ = gµνeαµe
β
ν = diag[−1, 1, 1, 1] . (3)
The spin connection can be found from the condition that
the covariant derivatives of the tetrad vectors equal zero
[6], i.e.,
ω αβµ = [Γ
λ
µνe
α
λ − ∂µeαν ]eβ ν . (4)
Indeed, the tetrad vector eαµ is the coordinate vector and
the Lorentz vector at the same time. (The Lorentz index
α and the coordinate index µ are moved up and down
by the local Minkowsky metric tensor gαβ and the global
metric tensor gµν , respectively.) The only non-vanishing
components of the connections are
Γ·ηητ = −Γ·τηη = −τ, Γ·φφr = −Γ·rφφ = −r ,
ω 30η = −ω 03η = 1, ω 12φ = −ω 21φ = −1 . (5)
In the tetrad formalism, the transition to the Euclidean
space is easily done by making the time-like tetrad vec-
tor e0µ imaginary, e
0
µ → (e0µ)E = (i, 0, 0, 0), (e µ0 )E =
(−i, 0, 0, 0). Then Eqs. (3) take the form
gµν = gαβ(e
α
µ)E(e
β
ν)E = diag[±1, 1, r2, τ2] ,
gαβ = gµν(eαµ)E(e
β
ν)E = diag[∓1, 1, 1, 1] . (6)
This formal step also leads to a set of standard prescrip-
tions for the transition to the Euclidean version of the
field theory: AτE = (e
τ
0 )EA
0 = −iA0. The same rule
holds for the spin connection, (ω 03µ )M → (ω 03µ )E =
−i(ω 03µ )M . These formulae indicate that we perform a
transition to an imaginary proper time τ . The choice be-
tween the signs in Eq. (6) is a subject of an independent
analysis.
3. Assuming the Euclidean long-distance behavior,
we employ the metric
ds2 = dτ2 + dr2 + r2dφ2 + τ2dη2 (7)
with the only non-vanishing components of the spin con-
nection being ω 03η = −1, and ω 12φ = −1. [Christoffel
symbols Γ remain the same as in Eq.(5). Overall, we
have four domains with the same Euclidean metric, which
explains the result (30,31).] Introducing the (iso)vector
representation A αβµ of the gauge field of the O(4) group,
and insisting on a one-to-one mapping of the color and
space directions, we require that
A αβµ = h ω
αβ
µ , (8)
where the factor h is an arbitrary real number which
defines the relationship between the cyclic components
of space-time and color coordinates. The gauge fields of
O(4) have two projections on its two SU(2)-subgroups,
(Aaµ)± =
1
2
ηaαβ± A
αβ
µ = ±A0αµ +
1
2
ǫaαβA αβµ , (9)
where ηaαβ± are the ’t Hooft symbols [7], and the sub-
scripts (±) denote two chiral projections. Thus, we have
(A3η)± = ∓ h ω 03η = ±h, (A3φ)± = hω 12φ = −h, (10)
which is compatible with the gauge conditionAτ = 0 that
we adopt for both the Euclidean and the Lorentz regimes
of the process. One can easily find a representation for
this potential which manifests its pure gauge origin,
Aµ(x) = (1/2)A
a
µ(x)σ
a = S∂µS
−1 . (11)
2
Using the decomposition, S = iu01 + uaσ
a, and S−1 =
−iu01+ uaσa we arrive at
Aµ(x) = (1/2)A
c
µ(x)σ
c
= −(ǫabcua∂µub + u0∂µuc − uc∂µu0)σc . (12)
By comparison with (10), and accounting for the unitar-
ity, SS−1 = 1, we obtain a system of equations,
− 2(u1∂ηu2 − u2∂ηu1 + u0∂ηu3 − u3∂ηu0) = ±h ,
−2(u1∂φu2 − u2∂φu1 + u0∂φu3 − u3∂φu0) = −h ,
u2
0
+ u2a = 1 , (13)
which has a solution
(u0)± = ∓2−1/2 coshη, (u3)± = 2−1/2 sinhη ,
(u1)± = 2
−1/2 coshφ, (u2)± = 2
−1/2 sinhφ . (14)
A non-trivial solution of the Yang-Mills equations is
looked for in the form
(A3η)± = E(τ, r) iS∂ηS
−1 = ∓E(τ, r)→ ±1,
(A3φ)± = Φ(τ, r) iS∂φS
−1 = −Φ(τ, r)→ −1, (15)
where the arrows point to the values of potentials at
τ → ∞, where the field must approach a pure gauge.
(For now, we assume that h = 1.) Since the field has
only one color component, the commutator in the defi-
nition, Fµν = ∂µAν − ∂νAµ − [Aµ, Aν ], vanishes and the
components of the field tensor are the same as in the
Abelian case where
Fτη = ∓∂τE, Fτφ = −∂τΦ, Fτr = 0 ,
Frη = ∓∂rE, Frφ = −∂rΦ, Fηφ = 0 . (16)
The condition for the (anti)self-duality of the field tensor
Fµν reads as
∗
Fµλ ≡ gµνgλσ ǫ
νσρκ
2
√
g
Fρκ = ±Fµλ . (17)
Note that the definition of the dual tensor is different
from the familiar definition in flat space. This modi-
fication is obvious. Indeed, the co- and contravariant
tensor components are even of different dimensions. The
requirement of the self-duality of the field (15) yields a
system of equations,
1
r
∂Φ
∂r
=
1
τ
∂E
∂τ
, τ
∂Φ
∂τ
= −r∂E
∂r
. (18)
Two conditions of the self-consistency for this system are
∂2rΦ−
1
r
∂rΦ = −(∂2τΦ+
1
τ
∂τΦ) ,
∂2rE +
1
r
∂rE = −(∂2τE −
1
τ
∂τE) . (19)
This system is easily solved by separation of variables.
The solution which obeys the original system (18), the
condition for finiteness, the boundary condition of pure
gauge at τ → ∞, and the condition that Aη → 0 at
τ → 0, is as follows,
∓A3η = E(τ, r) = −λτK1(λτ)J0(λr) + 1,
−A3φ = Φ(τ, r) = λrJ1(λr)K0(λτ) + 1. (20)
From these expressions for the potentials, we may easily
find the field strengths of the ephemeron,
∓ τ−1F 3τη = −r−1F 3rφ = λ2K0(λτ)J0(λr) ,
∓r−1F 3τφ = −τ−1F 3rη = λ2J1(λr)K1(λτ) . (21)
The geometry of this field is noteworthy. It has the
symmetry of a torus. The magnetic field has two compo-
nents, one along the torus pipe, and the second winding
around the pipe. This is a well known configuration of
a toroidal magnetic trap. Since r < τ , both radii of
the torus get smaller when τ → 0; the torus collapses
at τ = 0. The electric fields has two similar compo-
nents which are created in accordance with the Abelian
induction law. Every pipe is mono-colored. The param-
eter ρ = λ−1 clearly plays the role of the “size” of the
ephemeron.
4. Starting from the fields given by the Eqs. (16) we
may find the Euclidean action of the ephemeron:
SE = − 1
4g2
∫
d4x
√
g gµρgνσF aµνF
a
ρσ
= −2π
2
g2
∫ ∞
0
τdτ
∫ τ
0
dr
r
[(
∂Φ
∂τ
)2
+
(
∂Φ
∂r
)2]
. (22)
In the same way, we compute the topological charge
Q =
1
32π2
∫
d4x
√
g
ǫµνρσ
2
√
g
F aµνF
a
ρσ
= ±1
2
∫ ∞
0
τdτ
∫ τ
0
dr
r
[(
∂Φ
∂τ
)2
+
(
∂Φ
∂r
)2]
. (23)
Thus, we have reproduced a standard relation, between
the instanton action and its winding number,
SE = − 8π
2
g2
|Q| . (24)
We now have to find the winding number Q.
We shall do it using the representation of topological
charge via the divergence of the Chern-Simons current,
Q =
1
4π2
∮
dσµK
µ, (25)
where
Kµ =
1
4
ǫµνρσ
[
Aaν∂ρA
a
σ +
g
3
ǫabcA
a
νA
b
ρA
c
σ
]
. (26)
The second term (usually the major one) identically van-
ishes since the ephemeron field has only one color com-
ponent. In our geometry, only two components of Kµ
survive,
3
Kτ =
±1
4
[
E
∂Φ
∂r
− Φ∂E
∂r
]
=
±1
8
[
r
τ
∂E2
∂τ
+
τ
r
∂Φ2
∂τ
]
(27)
and
Kr =
∓1
4
[
E
∂Φ
∂τ
− Φ∂E
∂r
]
=
∓1
8
[
r
τ
∂E2
∂r
+
τ
r
∂Φ2
∂r
]
. (28)
Correspondingly, the total flux of the vector Kµ over a
closed surface can be split into the sum of integrals over
three surfaces, τ =∞, r = 0, and τ = r,
Q =
∫
dτdrθ(τ − r)[∂τKτ + ∂rKr]
=
∫ ∞
0
dr[Kτ (∞, r) −Kτ (r, r)]
+
∫ ∞
0
dτ [Kr(τ, τ) −Kr(τ, 0)]. (29)
(The factor 4π2 has come from two angular integrations.)
Straightforward computation of the integrals lead to the
following expressions,
∫ ∞
0
Kτ (∞, r)dr = 0, −
∫ ∞
0
Kr(τ, 0)dτ =
1
4
,
∫ ∞
0
[Kr(τ, τ) −Kτ (τ, τ)]dτ = −1
8
. (30)
Eventually, we find
Q =
1
4π2
∮
dσµK
µ =
1
8
. (31)
The transient topological gluon configuration carries a
fractional topological charge of 1/8 in that part of the
Euclidean space which is an image of the interior of the
past light cone of the interaction vertex. In a full chart,
we have several domains with similar Euclidean picture,
and the sum over all of them gives Qtot = 1.
5. The ephemeron field is defined by four parame-
ters. Two of them, x0 and y0, are obvious and corre-
spond to the preserved translation symmetry in the xy-
plane. To include them explicitly, we must read r as√
(x− x0)2 + (y − y0)2. Next, we have the ephemeron
“radius” ρ = λ−1. The fourth parameter is the scale fac-
tor h, which has been introduced in Eq. (8) an dropped
from the explicit calculations after Eq. (14). In fact,
the presence of scale factor h among the parameters of
ephemeron can be recovered from the observation that
equations (18) are homogeneous (and thus admit an ar-
bitrary scale factor) and the fact that solutions for the
vector potential then have a pure gauge asymptote given
by Eqs. (11)-(14). With h explicitly retained, the topo-
logical charge is Q = h2/8 and thus becomes a continuous
parameter. This is in contrast with the case of spherically
symmetric BPST instantons [8] which can have only in-
teger charges. Equations (12) and (14) explain the origin
of the non-trivial topology of the ephemeron. The so-
lutions with different values of h correspond to different
field configurations whose asymptotes at τ →∞ are the
different gauge transforms of the classical vacuum with
A(x) = 0.
The most impressive feature of the ephemeron is that
it is one-dimensional both in physical and color spaces.
This is not so surprising from a mathematical point of
view since we map the two spaces onto one another.
In physical space, the full spherical symmetry is cor-
rupted by the interaction and only two rotations in the
tz- and the xy-planes survive as an actual symmetry.
The high-precision measurement of the coordinate inside
an object formed by the strong interaction necessarily
resolves a mono-colored field pattern. Topologically, the
ephemeron is a collapsing ring before the interaction, and
an opened expanding string after it.
Existence of the transient topological field configura-
tions poses several important questions.
(i) How does the toroidal geometry of the ephemeron
affect the distribution of the gluons produced in high-
energy collisions? Is the proper field of the resolved color
charge Coulomb-like or does it carry some remnants of
the twisted geometry of the ephemeron fields.
(ii) The geometry of the electric and magnetic field of
the ephemeron implies strong spin polarization effects.
All known evidences of P - and CP -violations come from
the study of various decays which are genuinely non-
stationary processes. What is the role of the transient
topological configurations in these decays? Formally, the
ephemerons must be included into the path-integral rep-
resentation of the point-to-point correlators of hadronic
currents on equal footing with the BPST instantons.
Finally, the border between perturbative and non-
perturbative QCD is clearly defined by their relation to
the non-trivial topological properties of the QCD vac-
uum. The very existence of the ephemeron solutions
of the Yang-Mills equations undoubtedly indicates that
there is a hope to bridge the gap.
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